Analytical and low-order numerical models are very useful for studying friction behavior of rolling element machine components like ball bearings and ball screws. This is because they provide generalizable insights into friction behavior at much lower computational costs compared with high-order numerical models like finite element analysis (FEA). While analytical and low-order numerical models in the literature are mainly focused on ball-togroove contact friction, experimental studies have shown that ball-to-ball contact friction is also very important. This is especially true for linear ball bearings/guideways and ball screws which, unlike rotary ball bearings, do not typically make use of caged balls to prevent ball-to-ball contact. Therefore, in this paper, low-order numerical models for ball-to-ball contact friction in linear ball bearings and ball screws are developed. Furthermore, an analytical model for ball-to-ball contact friction in four-point contact linear ball bearing is derived by making simplifications to its low-order numerical model. Compared with ball-to-ball friction predictions from FEA models developed in ANSYS, the proposed numerical models are shown in case studies to be accurate within 7%, while computing at least three orders of magnitude faster. Moreover, case studies are used to demonstrate how the developed models can be used in practice, e.g., for the mitigation of ball-to-ball contact friction in linear ball bearings and the prediction of friction variation during the operation of a ball screw.
Introduction
Rolling element machine components with balls, such as ball bearings and ball screws, are used in a wide range of machinery to carry load and transmit motion with low friction [1] . Their friction behavior is very important to their functionality, e.g., accuracy, motion smoothness, and service life [1, 2] , hence it has been studied extensively in the literature. Before the pioneering work of Jones [3] in modeling ball bearing friction in 1959, friction behavior of ball bearings was studied primarily via experiments [1] . While experiments are very useful in characterizing friction behavior, they often do not have the breadth of scope and depth of insight provided by physics-based models; they can also be expensive to carry out, often requiring specialized jigs. Consequently, building on Jones' work, several physics-based models of friction in ball bearings have been proposed [2, [4] [5] [6] [7] . The typical modeling process is to derive the relative velocity field between each ball-groove contact and obtain frictional force and moment by integrating infinitesimal frictional stress over the contact area; by establishing the quasistatic equilibrium of frictional force and moment, ball motion and friction are solved iteratively. Harris and Kotzalas [5] gave a comprehensive summary of various aspects of friction modeling of ball bearings. Recently, Leblanc and Nelias [6] extended Jones' model from two-point contact to three-and four-point contact ball bearings. Joshi et al. [7] simplified the friction model developed by Leblanc and Nelias [6] for high-load low-speed ball bearings with both two-point contact and four-point contact and validated the simplified model against a specially designed friction torque rig. Halpin and Tran [2] used minimum energy criteria to solve the friction dynamics of four-point contact ball bearings. For ball screws, a different kinematic pattern from ball bearings was found due to the presence of helix [8] . Correspondingly, friction models for ball screws were proposed following the similar process predescribed for ball bearings [9] [10] [11] . The beauty of the described models is that they are low-order (from a numerical standpoint) compared with the alternative which is to utilize high-order finite element analysis (FEA) models that incur much larger computational costs [12] . Moreover, low-order models can sometimes be further simplified to yield elegant analytical formulations that provide explicit relationships between friction behavior and system parameters [13, 14] .
A problem is that the existing low-order numerical and analytical models focus on modeling ball-to-groove contact friction behavior without considering another important source of friction, i.e., ball-to-ball contact friction. Shimoda and Izawa [15] found, via experiments, that friction torque in oscillatory ball screws can be more than twice larger than usual, due to ball-to-ball contact. Ohta et al. [16] , by observing loaded balls in the ball track of a linear guideway type ball bearing with a camera, proved that significant frictional force occurs due to ball-to-ball contact. One way to mitigate the friction rising from ball-to-ball contact is to use spacer balls (i.e., smaller-size balls) between adjacent load-carrying balls [15, 16] . The spacer balls translate sliding friction between balls into rolling friction, thus mitigating ball-to-ball contact friction. However, the adoption of spacer balls has an obvious drawback, i.e., with the same number of balls, load capacity is reduced by half. Therefore, to maintain the same load capacity, the number of balls needs to be doubled-which increases the size and cost of the machine element. Another way to mitigate ball-to-ball contact is to use cages (or retainers) [17] . While caged balls are commonly adopted in rotary ball bearings, they are not commonly used with linear ball bearings (for the sake of brevity, linear ball bearing will be used in this work to represent both linear ball bearings and linear guideways) and ball screws mainly because of the complexity related to recirculation and the potential reliability issues they pose [17] . Given the significance of ball-to-ball contact friction in machine elements like linear ball bearings and ball screws, there is a need for low-order numerical or analytical models that consider ball-to-ball contact friction; however, no such works have been found in the literature.
In the preliminary work carried out by the present authors [18] , an analytical formula for the linear velocity of balls in four-point contact linear ball bearings was derived. Ball-to-ball contact was shown to take place due to the velocity difference of balls as a result of contact angle deviation. However, the effect of ball-to-ball contact on friction was not investigated, and the study was not extended to ball screws. Therefore, building on the preliminary work [18] , the main contributions of this paper are in: (1) developing low-order numerical models for ball-to-ball contact friction in linear ball bearings and ball screws and validating them favorably against FEA models; (2) proposing an analytical model for ball-to-ball contact friction in linear ball bearings, based on the low-order numerical model; and (3) demonstrating how insights gained from the analytical model can be used for mitigation of ball-to-ball contact. Additionally, this paper shows in a case study how the developed low-order models can be used for predicting so-called "friction roughness" (i.e., friction variation) that commonly occurs during the operation of linear ball bearings and ball screws.
The paper is organized as follows: Section 2 focuses on linear ball bearings: ball-to-ball contact friction between two balls and multiple balls is first modeled; an analytical model of ball-to-ball contact is then derived based on simplifying approximations. Following this, case studies are presented to show the effect of ball-to-ball contact on friction and demonstrate how insight gained from the analytical model can be used to mitigate ball-to-ball contact. Finally, the proposed low-order numerical and analytical models are validated against ANSYS FEA. Section 3 then moves to ball screws, starting with ball-to-ball contact modeling followed by FEA validation in ANSYS. Building on the authors' prior work on static load distribution model for ball screws [19] , a full friction model of ball screw with ball-to-ball contact is proposed. A simulation-based case study is then presented to show the friction increase and variation in a ball screw mechanism due to ball-to-ball contact.
2 Ball-to-Ball Contact Modeling for Linear Ball Bearings 2.1 Background on Ball Motion and Friction Modeling of a Single Ball. In order to model ball-to-ball contact between multiple balls in a linear ball bearing, a first step is to model the motion and friction of a single ball. There are many friction models in the literature developed for rotary ball bearings [2] [3] [4] [5] [6] , and the same process applies to linear ball bearings. Here, a brief summary is given.
Without loss of generality, ball motion and friction modeling are presented in the basic module of a four-point contact linear ball bearing as shown in Fig. 1 . In the setup, the bottom groove is fixed and the top groove is moving at a constant velocity of magnitude v.
To analyze ball motion and friction, coordinate systems need to be established. Figure 2 depicts the cross section of a single ball in Fig. 1 . Define a global coordinate system (CS = {x,y,z}), fixed in space as shown in Fig. 2 , with its z-axis passing through the ball center pathway and its xy-plane parallel to the cross section of the raceway. The ball, with radius R B , is in four-point contact with the BL, BR, TR, and TL (representing bottom/top and left/ right) grooves of the raceway. Contact angles β BL , β BR , β TR , and β TL are measured from ±y-axis to the corresponding contact normal in the cross section (see Fig. 2 ). Local coordinate systems CS BL , CS BR , CS TR , and CS TL are established at the corresponding contact centers such that local z-axes are parallel to the global z-axis and local y-axes lie along the corresponding contact normal, as shown for CS BL in Fig. 2 . The contact area is spread over each of the ball-groove contact interface. Since the contact area is relatively small compared with the ball radius, it is assumed to be in the local xz-plane in this work, as shown in Fig. 2 
The movement of the top groove in the global z-direction at constant velocity v makes the ball to translate and rotate. Assume, at quasi-static state, that the ball translates with linear velocity v B in the global z-direction (i.e., v B = {0, 0, v B } T in vector form) and rotates with Ω ( = {ω x , ω y , 0} T ) about an axis passing through the ball center. It is shown that the angular velocity of the ball about the z-axis should always be zero in order for the frictional moment about the z-axis to be balanced [18] . Velocities of any point in the contact area on both ball side and groove side can be expressed based on rigid body kinematics detailed in Ref. [18] . Taking the BL contact interface as an example, the relative velocity between the ball and the BL groove (denoted as Δv BL,B ) at any point with local coordinates (x BL , z BL ) in the contact plane is expressed as
Defining
The relative velocity field in Eq. (1) is rewritten as
Following the same procedure, the relative velocity fields for the BR, TL, and TR contact areas are also derived as shown in the Appendix. The relative velocity fields in the four elliptical contact area (with semi-major axis a i and semi-minor axis b i ) all take the same general form: they appear as circular contours centered at (c i , 0) as shown in Fig. 3 , with i ∈ {BL, BR, TR, TL}.
Given the relative velocity field over the assumed planar contact area, friction is calculated by double integrating the infinitesimal frictional stress with normal contact stress distribution. It is a standard process that many friction models adopted [2] [3] [4] [5] [6] . But with the planar contact area approximation and the velocity field derived in Eq. (3), friction can be analyzed explicitly [18] . Given the symmetry of the contact stress field and velocity field about the x i -axis in Fig. 3 , the frictional force along the x i -axis is zero. The frictional force f i,z along the z i -axis, the frictional moment M i,O about the contact center and the frictional loss P fi measured in power are calculated as shown in the Appendix. Since the frictional forces are in the z i -direction and the frictional moments are about y i -axes, friction is decoupled from normal contact forces which lie in the xy-plane.
It is found that gyroscopic effect is negligible at low-speed application [2, 7] . Ignoring gyroscopic effect, the ball needs to be in quasistatic equilibrium under frictional forces and moments as
where the first equation represents the equilibrium of frictional forces in the z-direction. The second and third equations represent equilibrium of frictional moment about the x-and y-axis, respectively, which are normalized by ball radius R B to be equivalent force equations. It is worth noticing that there is a minus sign before M i,O in Eq. (4), because M i,O is measured about the corresponding −y i -axis as shown in Fig. 3 . With the three equations, the three kinematic variables v B , ω x , and ω y are solved in an iterative process using the fsolve function in MATLAB. Maps of frictional force/moment/loss are built beforehand as functions of c i /a i according to equations presented in the Appendix. In the solution process, linear interpolation is used to retrieve the values to speed up the calculation instead of performing numerical integration. Upon the solution of kinematic variables, frictional force/moment and loss are determined accordingly. In summary, the process can be described by the flowchart as shown in Fig. 4 .
Low-Order Numerical Model of Ball-to-Ball Contact
Friction. The linear velocities of individual balls differ depending on their contact angles and loading conditions. Ball-to-ball contact develops: (1) when the linear velocity v B,10 of the ball behind (ball 1 in Fig. 1 ) is faster than v B,20 of the ball in front, i.e., v B,10 > v B,20 and (2) when the distance between the two ball centers d 12 is small enough (d 12 ≤ 2R B ). Notice that "0" in the subscript is used to denote the velocity of individual balls before ball-to-ball contact. After contact, ball-to-ball contact causes the two balls to eventually have the same linear velocity (v B,1 = v B,2 ). Because the relative velocities of the two contacting balls at their contact interface are usually of opposite direction, massive sliding friction loss occurs [16] . Since the contact deformations are in the μm-level, the transient process of ball-to-ball contact is ignored and only the quasi-steady states before and after contact are modeled.
After ball-to-ball contact stabilizes (i.e., when v B,1 = v B,2 ), the relative velocity at the ball-to-ball contact interface measured on ball 1 is expressed as
Denoting the normal contact force in the ball-to-ball contact interface as F B2B (i.e., in the global z-direction), the ball-to-ball contact frictional force in the contact interface parallel to the xy-plane is
where μ represents friction coefficient of metal-to-metal contact. The frictional loss measured in power is
It can be proven that there is no relative spin at the ball-to-ball contact interface, otherwise the frictional moment about the z-axis cannot be balanced quasi-statically for each ball. Notice that the ball-to-ball contact frictional forces are parallel to the xy-plane and they should influence the ball-to-groove contact forces in theory. However, due to the small value of μ (around 0.1 according to experimental measurement in Ref. [7] ), ball-to-ball contact frictional forces are at least one order of magnitude smaller than the ball-to-groove contact forces. Therefore, it is reasonable to assume that ball-to-groove contact forces are not affected by ball-to-ball contact friction and the calculation of ball-to-ball contact force and friction is decoupled from ball-to-groove contact forces. Based on this assumption, the new quasi-static equilibrium of ball 1 considering ball-to-ball contact force and friction becomes
Note that the last two equations represent the equilibrium of normalized frictional moments. Similar equations hold for ball 2, only that ball-to-ball contact force and friction are in the opposite direction.
Besides satisfying their own quasi-static equilibrium, the two balls need to satisfy ball-to-ball contact conditions: if the two balls are in contact, then they need to move in the same linear velocity at the quasi-static state; otherwise, the ball-to-ball contact force is zero.
Put together, Eq. (8) for quasi-static equilibrium of ball 1, similar equations for ball 2 and Eq. (9) for ball-to-ball contact, the motion of the two balls and ball-to-ball contact force F B2B are determined iteratively. Upon solution, ball-to-ball contact friction and loss are obtained according to Eqs. (6) and (7) .
Ball-to-ball contact between two balls can be generalized to multi-ball-to-ball contact as Quasi-static equilibrium for ball j (similar to Eq. (8)) B2B contact between ball j and j + 1:
For N B balls in contact, there are three kinematic variables for each of them; in addition, there are (N B − 1) variables for ball-to-ball contact. Accordingly, each ball needs to be in quasistatic equilibrium with three equations, and (N B − 1) equations for ball-to-ball contact condition. In total, there are 4(N B − 1) variables and equations, so the multi-ball-to-ball contact problem is solvable. Again, fsolve function in MATLAB is adopted to solve the problem.
Analytical
Model of Ball-to-Ball Contact. In the preceding subsection, a low-order numerical model for ball-to-ball contact with iterative solution process was proposed. Wherever possible, it is desirable to have analytical models to gain more insight into the relationship between friction and the associated parameters. This subsection derives analytical formulas for the linear velocity of an individual ball, ball-to-ball contact force and friction in four-point contact linear ball bearings with proper approximations. 
where Ellip(·) represents the complete elliptic integral of the second kind. The case of c i /a i = 0 represents pure spin about the contact center. The other set of extreme values are achieved when c i /a i → ± ∞ as
where pure sliding happens. The frictional force and moment in each contact area are also affected by b i /a i , which is the same for four contact points in a linear ball bearing and is solely determined by the conformity ratio (conf. = R G /2R B , with R G representing the radius of the crosssectional groove profile) of the groove [2, 6] . To normalize f i,z , it is divided by its extreme value sgn(ω i )μF i , while M i,O is normalized by dividing the product of sgn(ω i )μF i and moment arm R B in order to make it comparable in magnitude to f i,z in the equations of force and moment equilibrium. The numerical results of normalized f i,z and M i,O as functions of c i /a i under four typical conformity ratios of ball bearings are shown in Fig. 5 .
Observing from Fig. 5 , there is no significant difference among the plots of the four typical conformity ratios, thus they are not distinguished in the discussion. It is observed that the normalized frictional moment is very small compared with the normalized frictional force over a wide range as shown in Fig. 5 (a). Frictional moment is only comparable with the frictional force when c i /a i is very close to zero. When |c i /a i | < 0.5, f i,z is almost linear with respect to c i /a i as shown in Fig. 5(b) . While in the same region, the change of normalized M i,O is negligible compared with that of f i,z . In fact, |c i /a i | is usually very small in four-point contact as observed from the results presented in Refs. [6, 12] . Small |c i /a i | condition breaks down only when there is two-point contact or near two-point contact (i.e., contact forces on one diagonal pair are significantly larger than those on the other pair). Thus, to simplify the analysis for four-point contact, the frictional force is approximated to be linear with respect to c i /a i while the frictional moment is approximated to always take its extreme value given in Eq. (11).
Analytical Formula for Ball Velocity.
Based on the approximation of the frictional force and moment, an analytical formula for the linear velocity of a single ball can be obtained. It is presented in the authors' preliminary work [18] and is summarized here to provide the necessary background for ball-to-ball contact analysis. To aid the analysis, an additional variable Δη i is introduced for each contact area (see Fig. 6 for Δη BL ), indicating the angular deviation of the velocity center from the contact center in the cross section (i.e., along the semi-major axis of the contact area). Thus,
Note that s i accounts for the sign of Δη i in the definition. With the linear approximation, the frictional force becomes
Based on the plot in Fig. 5 , k f = 1.38 is picked. It is shown in the Appendix that for the linear approximation to be valid, Δη i is a small value ( − 6.25 deg < Δη i < 6.25 deg). The length of semimajor axis a i is related with normal contact force F i according to Hertzian contact theory [20] as
where Ψ is a constant determined by the geometry and material properties.
In four-point contact, we have observed that typically ω BL > 0, ω BR < 0, ω TR < 0, and ω TL > 0. Substituting the approximated frictional force and moment to the quasi-static equilibrium in Eq. (4), it becomes
Besides the equilibrium of frictional force and moment presented in Eq. (16), one more relationship comes from the kinematic constraint. In the authors' prior work [13] , it was found that the two "zero-velocity lines" that pass through the zero-velocity points (i.e., velocity center c i ) on the same side of the groove (see Fig. 6 ) are parallel. It still holds true in this work with β i + Δη i representing the angle of zero-velocity point, which means that [13] 
For contact angles β i , there is a nominal value β 0 . However, the actual contact angle deviates from β 0 due to the presence of geometric error and/or misalignment. We define
where Δβ i is the contact angle deviation and is usually very small (typically −3 deg < Δβ i < 3 deg). Under the assumption of small Δβ i + Δη i , Eq. (17) is approximated as
Putting Eqs. (16) and (19) together, the angular deviation Δη i can be analytically determined. The linear velocity of the ball center is formulated as [13] v
where ε is the deviation of ball center velocity from the nominal ball center velocity v/2. Substituting the solution of Δη i from Eqs. (16) and (19) into Eq. (21), ε is obtained as a function of four contact angle deviations Δβ i and four normal contact forces F i . The expression for ε is still cumbersome, but there is one more approximation to be made. Since the contact angle deviations Δβ i are small, the contact forces on the same diagonal pair (i.e., BL and TR pair and BR and TL pair) are very close under external load in four-point contact [12] . With the approximation that F BL ≈ F TR ≜ F U and F BR ≈ F TL ≜ F D , the ball center velocity deviation is simplified to
This formula explicitly shows the effect of contact angle deviations and contact forces on the ball linear velocity deviation ε. A few insights from the analytical formula are (1) ball center velocity deviation differs under different contact angle deviations and loading conditions; (2) ball linear velocity is not affected by external loading in the absence of contact angle deviations; and (3) ball linear velocity is not affected by external loading under certain combinations of contact angle deviations, i.e., when Δβ BL = Δβ TR and Δβ BR = Δβ TL .
Compared with the low-order friction models described in Sec. 2.1, three major approximations are made in the analytical derivation presented above: (i) ω BL > 0, ω BR < 0, ω TR < 0, and ω TL > 0; (ii) Δβ i + Δη i for each contact point is small; and (iii) contact forces on the same diagonal pair are approximated to be the same. Four-point contact is a necessary condition for all three approximations. If there are only two contact points or near twopoint contact (i.e., contact forces on one diagonal pair are significantly larger than those on the other pair), the angular deviation of velocity center from contact center Δη i becomes large so that small Δβ i + Δη i assumption becomes invalid; approximations (i) and (iii) also become obsolete.
Analytical Formula for Ball-to-Ball Contact Force and
Friction. So far, the analytical formula for ball center velocity of individual balls are obtained. According to the ball-to-ball contact model, if the two balls in Fig. 1 with v B,10 = (1 + ɛ 1 )v/2 and v B,20 = (1 + ɛ 2 )v/2 satisfy ɛ 1 > ɛ 2 , ball-to-ball contact will happen when the distance between the two ball centers d 12 is small enough. Ball-to-ball contact force and friction change the equilibrium of each ball. On top of Δη i , assume that the additional angular contact deviation of the velocity center is Δζ i for each contact area due to ball-to-ball contact. If the deviation still falls in the linear region of the frictional force in Fig. 5 , the frictional force is approximated as
and the frictional moment is still approximated to take its maximum value given in Eq. (11) . The new quasi-static equilibrium of ball 1
considering ball-to-ball contact force becomes
Note here that the frictional force at ball-to-ball contact interface is not included in the equations, which is a reasonable approximation because ball-to-ball frictional forces are at least one order of magnitude smaller than ball-to-ball contact force. Subtracting Eq. (16), Eq. (24) becomes
which relates Δζ i to ball-to-ball contact force F B2B . With the additional angular deviation Δζ i , the ball still needs to satisfy kinematic constraint similar to Eq. (19) as
Transactions of the ASME 
The new velocity of the ball is expressed similar to Eq. (21) as
Let us denote the additional velocity deviation caused by ball-to-ball contact as Δɛ 1 and Δɛ 2 , respectively. Two contacting balls need to have the same velocity at quasi-static states, thus
Like the approximation made in Sec. 2.3.2, contact forces on the same diagonal pair are very close under external loading. So, the following approximation is made: 27), and (28) for ball 1, the similar set of equations for ball 2 and Eq. (29) for ball-to-ball contact, the ball-to-ball contact force F B2B is analytically determined as
The analytical formula for ball-to-ball contact force shows that ball-to-ball contact force is proportional to the velocity difference between the two balls. It is also affected by the normal contact loads on the two balls, friction coefficient and constants related to Hertzian contact.
At the ball-to-ball contact interface of four-point contact linear ball bearings, the relative velocity (i.e., sliding velocity) of the two balls can be approximated as
by assuming both balls rotate about x-axis with nominal contact angle β 0 . It is observed to be a reasonable approximation in typical four-point contact linear ball bearing. As a result, the sliding friction loss measured in power in Eq. (7) due to ball-to-ball contact friction is explicitly expressed as To show the effect of ball-to-ball contact on friction and compare the derived analytical formulas to the proposed low-order numerical model, a case study is conducted in the setup as shown in Fig. 7 . Note that the same setup was used in the authors' preliminary work [18] to study the velocity difference of balls. In the setup, nominal contact angle β 0 is set to be 45 deg; contact angle deviation θ (<3 deg), induced by manufacturing error and/or misalignment, only takes place on the bottom groove (usually a long rail). External loading is represented by N x and N y applied to the top groove. It is assumed that the same N y is applied to ball 1 and ball 2 but N x on the two balls are of opposite direction. This kind of loading condition represents a yaw moment applied to the top groove, which accelerates ball-to-ball contact [16] . According to the definition of contact angle deviations in this work, Δβ BL = −θ, Δβ BR = θ, and Δβ TL = Δβ TR = 0. Since the contact angle deviations are small, it is reasonable to approximate the four contact forces as
Define ρ = N x /N y as the side force ratio and substitute all the parameters into Eq. (22), velocity deviation of the two balls from nominal value is formulated as
Since the loading conditions on the two balls are centrally symmetric, the velocity deviations of the two balls are of opposite sign. Thus, the velocity difference of the two balls, ɛ 1 − ɛ 2 , is twice the velocity deviation of a single ball.
Parameters used in the case study are shown in Table 1 . The velocity difference (ɛ 1 − ɛ 2 ) of the two balls predicted by the low-order numerical model as a function of θ and ρ is shown in Fig. 8(a) . As the magnitude of the contact angle deviation |θ| increases, the velocity difference of the two balls also increases; the same trend is observed for the side force ratio ρ. Results of (ɛ 1 − ɛ 2 ) based on the analytical formulas derived in Eq. (33) are shown in Fig. 8(b) , which are observed to match with the proposed low-order numerical model (see Fig. 8(a) ) closely. The difference of Ball-to-ball contact force and additional friction loss based on the proposed low-order numerical model and the derived analytical formulas are presented in Fig. 9 . Ball-to-ball contact only happens when ɛ 1 − ɛ 2 > 0; otherwise, the two balls depart from each other instead of approaching and there is zero ball-to-ball contact force as shown in Figs. 9(a) and 9(b). For the nonzero contact force region, ball-to-ball contact force F B2B increases with increasing |ρ| and |θ|; so are the total friction loss (with ball-to-ball friction loss P fB2B ) versus baseline friction loss (ball-to-groove friction loss P f ). The difference between F B2B /P fB2B predicted by the loworder numerical model in Figs. 9(a) and 9(c) and by the analytical formula in Figs. 9(b) and 9(d) again only becomes noticeable at large |ρ| and |θ| region. Since the analytical formulas in Eq. (30) for F B2B and Eq. (32) for P fB2B are both linear functions of (ɛ 1 − ɛ 2 ), the difference in (ɛ 1 − ɛ 2 ) calculation shown in Fig. 8 carries over in the calculation of F B2B and P fB2B here. But overall, the analytical formula still predicts ball-to-ball contact force and additional friction loss very well compared with the low-order numerical model. Ball-to-ball contact gives rise to significant increase of friction: the additional friction loss from ball-to-ball contact contributes to more than 185.2% increase compared with the baseline friction (i.e., ball-to-groove contact) in the worst-case scenario according to the low-order numerical model as shown in Fig. 9 (c).
Using the Analytical Model to Mitigate Ball-to-Ball
Contact. Ball-to-ball contact gives rise to significant friction increase as shown in Sec. 2.4.1. Since ball-to-ball contact develops quickly, there is a significant friction variation. Thus, it is desirable to avoid or at least mitigate ball-to-ball contact.
Take a particular case, for example, with θ = 2 deg and ρ = −0.6 in Sec. 2.4.1 setup, the two balls have different velocities summarized as case (a) in Table 2 . The two balls will develop ball-to-ball contact since ball 1 is moving faster than ball 2. Figure 10(a) shows the simulated relative displacement of the two balls using the velocity calculated based on the analytical formulas in Eq. (33), when the initial gap between the two balls is 0.1R B . The insight gained from the analytical formula for velocity deviation of balls can be used to mitigate ball-to-ball contact by reducing the velocity difference of balls. Given the contact angle deviations on the bottom groove (usually a long rail), if the contact angle deviations on the top groove (short and sturdy carriage) can be controlled or mated in the manufacturing or assembly processes, the velocity difference of balls can be minimized and ball-to-ball contact can be mitigated. From Eq. (22), it is found that if Δβ TR = Δβ BL and Δβ TL = Δβ BR , then the velocity deviation is always zero irrespective of external loading. This optimized design is simulated with the results shown in Table 2 as case (b) and plotted in Fig. 10(b) , the two balls remain constant distance because of the optimized design. This highlights the benefit of the proposed analytical formula-it provides explicit relationships between variables and parameters that can be used to guide analysis and design optimization.
Validation by Finite Element Analysis in ANSYS.
In order to validate the low-order numerical model and analytical model of ball-to-ball contact, and to show the validity of using the insight gained from analytical model to mitigate ball-to-ball contact, the results for cases (a) and (b) in Sec. 2.4.2 are compared with those from FEA in ANSYS.
As a benchmark, dynamic simulation of ball-to-ball contact in a linear ball bearing is conducted in ANSYS Workbench 16.2. The model of two balls in contact with two rails is shown in Fig. 11 with mesh. Based on the guidelines provided by ANSYS [21] , the ball surface is set as the contact surface, while the groove surface 10 Example of ball-to-ball contact and its avoidance by optimized design is set as the target surface. For the ball-to-ball contact interface, ball 1 is set as target surface while ball 2 is set as the contact surface. All the ball-to-groove and ball-to-ball contact interfaces are set as frictional contact with 0.1 friction coefficient. Augmented Lagrange contact formulations are used for the contact interfaces as recommended by ANSYS because of its robustness and flexibility [21] . All the parts are meshed with tetrahedral elements. It is a common practice to make mesh refinement around the contact region while using coarse mesh elsewhere to reduce the overall number of elements.
Here, a mesh refinement technique in ANSYS Workbench called the body of influence is used. The fine mesh is set to be of size 0.13 mm and the coarse mesh of size 1 mm, giving the FE model 294,114 elements in total. Mesh refinement of size 0.13 mm is picked after mesh sensitivity analysis. The bottom groove is fixed and the top groove is made to move at 10 mm/s. Yaw moment of 600 N·mm is applied to create the loading condition in Sec. 2.4.2.
The two balls are placed at an initial distance of 1 μm to accelerate ball-to-ball contact such that the top rail does not move out of the mesh-refined area. A total simulation time of 0.1 s is split into ten time steps to simulate the dynamic process from no ball-to-ball contact to the development of ball-to-ball contact and finally stabilized ball-to-ball contact. The force convergence tolerance is set to be 0.1% to balance accuracy and computational efficiency. The other settings in the finite element model are left as default. The solver type is also program-controlled, and it was found out that preconditioned conjugate gradient solver is adopted. Upon solution, the steady-state ball-to-ball contact force is extracted from the FEA result using the reaction force probe.
The ball-to-ball contact force results are compared in Table 3 . From the results of case (a), it can be observed that ball-to-ball contact force predicted by the low-order numerical model matches very well to that of ANSYS FEA, with only 1.26% difference. However, the result based on the analytical formula shows a larger error because of the approximations made in the derivation. But the error is still within 6%, which is acceptable. For case (b), ANSYS FEA result shows that the ball-to-ball contact does not happen just as analytical insight predicted, thus the insight gained from the analytical model for ball-to-ball contact mitigation is also validated in ANSYS FEA. Given the accuracy of the proposed low-order numerical model and analytical formula compared with the ANSYS FEA, it is of interest to compare their computational time. As shown in Table 3 , the low-order numerical model is three orders of magnitude faster than ANSYS FEA, while analytical formula with explicit form is another two orders of magnitude faster. The proposed low-order model and analytical formula for ball-to-ball contact are therefore computationally much less expensive than the ANSYS FEA model with comparable accuracy, thus is much more desirable, e.g., for use in parametric studies and optimal design of linear ball bearings.
Ball-to-Ball Contact Modeling for Ball Screws
In this section, ball-to-ball contact modeling for linear ball bearings presented in Sec. 2 is generalized to ball screws.
Ball Motion and Friction Modeling for a Single Ball.
Just like in linear ball bearings, modeling ball motion and friction of a single ball in ball screw is the first step toward modeling ball-to-ball contact. A single-start, right-handed, Gothic-archgroove-type ball screw with a single ball nut is considered in this work. Without loss of generality, ball motion and friction modeling is presented using a two-ball module of a four-point contact ball screw as shown in Fig. 12 . The global coordinate system (CS = {x, y, z}) is fixed to the screw shaft with its z-axis pointing along the axis of the screw shaft as shown in Fig. 12(a) . Relative to CS, the inner groove of the two-ball module (representing the screw shaft) in Fig. 12(b) , is not moving, while the outer groove representing the ball nut is rotating with angular velocity ω N about the z-axis and at the same time translating at v N along the z-axis because of the helix. According to the kinematic relationship,
where r g is the nominal gear ratio and p represents the nominal lead of the ball screw. The locus of points lying on the nominal ball center pathway relative to the origin of CS is expressed as
where φ is the angular distance traversed along the nominal ball center pathway starting from the x-axis to the ball location of interest on the screw (φ is referred to as azimuth angle in this work for the sake of simplicity). R P is the nominal pitch circle radius of the ball screw. Ignoring effects of elastic deformations and geometric errors on the grooves, the ball center velocity in the global coordinate system CS is expressed as
where ω B is the orbiting angular velocity of the ball about the ball screw axis. A moving coordinate system CS 3 = {x 3 , y 3 , z 3 }, with its origin on the nominal ball center pathway, is established such that its y 3 -axis is tangent to the helical path and its x 3 -axis points along the radial line from screw axis to nominal ball center as shown in Fig. 12(a) . Figure 13 shows the cross-sectional profile of the ball screw in the Focusing on the SL (screw left) portion of the groove, contact angles β SL are measured from −x 3 -axis to the contact normal in the cross section. Contact coordinate system CS SL is established at the contact center such that the y SL -axis is parallel to the y 3 -axis and the x SL -axis lies along the contact normal as shown in Fig. 13 . Similar to linear ball bearings, the contact area is assumed to be in the local z SL y SL -plane in this work, as shown in Fig. 13 , since the contact area is relatively small compared with the ball radius.
Besides the gross motion, the ball also rotates about its own axis. Assume that the ball is moving at ω = [ω x , ω y , ω z ] T measured from the local coordinate system CS 3 about an axis passing through the ball center. Velocities of any point in the contact area on both ball side and groove side can be determined based on rigid body kinematics. Focusing on the SL contact area, q SL is defined as the vector from the ball center to the SL contact center and is given in the local coordinate system CS 3 as
For any point with local coordinates (y SL , z SL ) T in the contact area, its position q SL,B in CS 3 is
where T CS3-CSSL is the transformation matrix from CS SL to CS 3 given by
The velocity at the SL contact area on the ball side expressed in the global coordinate system CS is
T CS-CS3 is the transformation matrix between the global coordinate system CS and the local coordinate system CS 3 given as
where rot(·) represents a current-frame rotation operation about the axis specified by its subscript, as further described in the Appendix. Angle α represents the nominal lead angle of the ball screw given by
Since the screw is fixed, the velocity at the SL contact area on the groove side is zero. Thus, the relative velocity at any point in the SL contact area is
The relative velocity expressed in the contact plane (i.e., z SL -y SL ) can be formulated as
The relative velocity field in Eq. (44) is rewritten as Following the same procedure, the velocity field for other contact areas is derived (see Appendix for details). It is observed that the relative velocity field in the elliptical contact area is a circular contour centered at (c i , d i ) as shown in Fig. 14, with i ∈ {SL, SR, NR, NL} representing different contact areas. Note that the center of the contour represents the zero-velocity point.
With the velocity field expressed over the contact area, friction can be calculated given normal contact stress distribution similar to that in linear ball bearings. The frictional force f i,y along y i -axis and f i,z along z i -axis, the frictional moment M i,O about the contact center, and friction loss are calculated by double integrating the frictional stress over the contact area. Comparing the relative velocity field of ball screw in Fig. 14 with that of linear ball bearing in Fig. 3 , the major difference is that the helix of ball screw introduces relative rotation between the screw and nut about y 3 -axis. Thus, there are frictional forces in z SL -direction, which lie in the crosssectional plane, making frictional forces (from a given contact surface) and normal contact forces (from other contact surfaces) coupled in ball screw. As a result, friction and contact load distribution need to be calculated together in ball screw. The authors have developed a low-order static load distribution model for ball screw [19] , including geometric errors and bulk elastic deformations. The model was validated favorably against high-order FE models in ANSYS. Here, it is augmented to include friction.
To calculate contact load distribution, the first step is to describe the geometry of groove surface as a multivariate function. Again, focusing on the SL contact surface, the multivariate function is given by S SL (φ, γ) in the CS coordinate system [19] , where γ is the cross-sectional angular variable as shown in Fig. 15 . Geometric errors such as lead error and contact angle deviation are readily incorporated in S SL (φ, γ) [19] . Considering the bulk elastic deformation of the screw d SL (φ, γ), the deformed groove surface becomesS SL (φ, γ), i.e.,S SL (φ, γ) = S SL (φ, γ) + d SL (φ, γ). The authors' prior work [19] detailed the calculation of elastic deformations via a low-order finite element method considering normal contact forces.
At the cross section of the groove with azimuth angle φ B where the ball is located, the 2D groove surface profile with elastic deformation represented in z 3 -x 3 coordinates is given as
Assume that 2D coordinates of the ball center are p B = {x B3 , z B3 } T and those of the SL contact point are p SL = {x SL3 , z SL3 } T in the cross section (i.e., x 3 z 3 -plane). The following conditions must be satisfied:
(i) The contact point must lie on the groove surface
(ii) The contact normal must be perpendicular to the groove surface at the contact point
wheren SL denotes the ball surface contact normal unit vector, pointing from the contact point to the ball center, i.e.,
whilem SL represents the groove surface contact normal unit vector asm
(iii) The contact force lies along the contact normal and is of magnitude F SL , determined from Hertzian contact theory as
where δ SL is the Hertzian contact deformation of the ball surface relative to the groove surface and C SL is Hertzian constant of which calculation can be found in Ref. [19] .
Note that the contact model presented here is a 2D version of the 3D contact model in Ref. [19] with azimuth angles set to be φ B for all the four contact points. It is to keep in accordance with the kinematic analysis in this paper which is done in the cross section. Neglecting gyroscopic effect, the ball needs to be in quasi-static equilibrium under normal load, frictional force and moment as In summary, a state vector
18×1 is defined for each ball together with a function Φ(x) containing conditions for quasi-static equilibrium of the ball based on Eqs. (49), (50), and (54) as
The same conditions hold for all the balls.
Low-Order Numerical
Model of Ball-to-Ball Contact. The orbiting angular velocities of individual balls in ball screw differ depending on contact angles and loading conditions. Similar to linear ball bearing, ball-to-ball contact develops when the orbiting angular velocity of the ball behind is faster than the ball in front (ω B, 10 > ω B,20 ) and when the angular distance between the two balls Δφ 12 is close enough (Δφ 12 = φ B,1 − φ B,2 ≤ 2β B2B ); β B2B is ball-to-ball contact angle as shown in Fig. 16 and is defined as
Note that the radius for ball-to-ball contact in Fig. 16 is not the pitch circle radius R P , but L defined in Eq. (45) with the lead of the ball screw factored in.
At the ball-to-ball contact interface between ball 1 and ball 2, another coordinate system CS 4 is established: z 4 -x 4 plane is where ball-to-ball contact happens. Similar to the linear ball bearing case, the relative velocity at the ball-to-ball contact interface measured on ball 1 is expressed as
Denoting the normal contact force at the ball-to-ball contact interface as F B2B (i.e., in y 4 -direction), the ball-to-ball contact frictional force in the contact interface (z 4 -x 4 plane) is
Under ball-to-ball contact, ball 1 needs to be in quasi-static equilibrium with the addition of ball-to-ball contact force and friction to Eq. (54) as
Similar equations hold for ball 2, only that ball-to-ball contact force and friction are in the opposite direction.
Besides satisfying their own quasi-static equilibrium, the two balls need to satisfy ball-to-ball contact conditions: if the two balls are in contact, then they need to move at the same orbiting angular velocity at quasi-static states; otherwise, the ball-to-ball contact force is 0. 20 and
Put together Eq. (59) for quasi-static equilibrium of ball 1, similar equations for ball 2 and Eq. (60) for ball-to-ball contact, the motion of two balls and ball-to-ball contact force (if there is any) are determined. Upon solution, ball-to-ball contact friction and loss are calculated accordingly.
Similar to that in linear ball bearings, ball-to-ball contact between two balls in ball screws can be generalized to multi-ball-to-ball contact as Quasi-static equilibrium for ball j B2B contact between ball j and j + 1: Fig. 16 Ball-to-ball contact between two balls in ball screw Fig. 15 Cross-sectional profile of ball screw with geometric errors 3.3 Finite Element Analysis Validation of Ball-to-Ball Contact Model. To validate the low-order numerical model of ball-to-ball contact for ball screws, the results are compared with those from ANSYS FEA in the same ball-to-ball contact module between two balls as shown in Fig. 12 . The reasons for validation in the two-ball module instead of the whole ball screw are: (1) ball-to-ball contact modeling is the main focus of this work, thus validation of ball-to-ball contact is the priority and (2) the dynamic simulation of a full ball screw with enough accuracy is computationally too demanding.
Parameters for ball screw used in this validation study are shown in Table 4 . The geometry and material properties are the same as those in the authors' prior work for static load distribution [19] . The groove profile on the screw side has contact angle deviation θ as shown in Fig. 17 . Two cases are simulated to demonstrate the effect of different contact angle deviation: θ = 0 deg is set for ball 1 in both cases; for ball 2, θ = 2 deg is set in case (a) and θ = 3 deg is used in case (b). This kind of contact angle deviation induces different orbiting angular velocities of balls and results in ball-to-ball contact in both cases (a) and (b).
As a benchmark, dynamic simulation of ball-to-ball contact in ball screw is conducted in ANSYS Workbench 16.2. The CAD model of the two-ball module for case (a) is shown in Fig. 18 , which are meshed with tetrahedral elements of size 0.05 mm around the contact area and 1 mm elsewhere, giving the FE model 230,816 elements in total. Mesh refinement of size 0.05 mm is picked after mesh sensitivity analysis. Similarly, the FEA model of case (b) has 231,931 elements. The ball nut is made to rotate about the ball screw axis at ω N . The screw shaft is constrained by frictionless support to only translate along the axial direction with external force 50 N in both cases. The two balls are placed at an initial distance of 1 μm apart to accelerate ball-to-ball contact. A total simulation time of 0.005 s is split into ten time steps to simulate the dynamic process from no ball-to-ball contact to the development of ball-to-ball contact and finally stabilized ball-to-ball contact under quasi-static equilibrium. The other important settings in ANSYS FEA are kept the same as in the linear ball bearing case in Sec. 2.5. The contact problem is solved using the same desktop computer as used for the linear ball bearing case study.
The ball-to-ball contact forces from the low-order numerical model and ANSYS FEA are compared in Table 5 . It is observed that ball-to-ball contact forces predicted by the low-order numerical model are reasonably close to those from ANSYS FEA, with 6.67% and 6.64% difference for cases (a) and (b), respectively. As shown in the comparison of computational time in Table 3 , the loworder numerical model is three orders of magnitude faster than ANSYS FEA, indicating the computational efficiency of the proposed low-order model once again. For case (a), the friction increase caused by ball-to-ball contact is 39.2% relative to that before ball-to-ball contact, according to the low-order numerical model, while 60.2% friction increase is observed for case (b). Both results indicate the significance of ball-to-ball contact to the friction increase of ball screw.
Simulation of a Whole Ball Screw With Ball-to-Ball
Contact. Since the proposed low-order numerical model of ball-to-ball contact in ball screw has been validated, it can be incorporated in the whole ball screw friction model to simulate the friction behavior of the whole ball screw. A ball screw with the same parameters as shown in Table 4 is used in the simulation. The ball screw is 800 mm long with the nut initially placed in the middle. A total time of 2 s in 200 steps are simulated. The nut is confined to only rotate, while screw shaft is only allowed to translate in the axial direction at the two ends. The axial load of 1500 N is applied to the screw shaft on one end, and 37 balls in two loaded turns yield 97.8% occupation ratio of the active ball track. Recirculation of balls is modeled by connecting the start and end of the return tube. The same type of contact angle deviation in Fig. 17 is adopted; the magnitude of contact angle deviation θ on the screw side is set to be sinusoidal with respect to azimuth angle as shown in Fig. 19 .
The balls are evenly distributed at the start of the simulation. However, due to the sinusoidal contact angle deviation, the orbiting angular velocities of the balls differ, making the distance between balls to change over time. Figure 20 shows the angular distance between balls with respect to the nut rotation angle (i.e., which is proportional to time); balls in ball-to-ball contact are marked as black dots. Four groups of ball-to-ball contact form because of the velocity difference induced by the four cycles of contact angle deviations in Fig. 19 . Figure 21 shows the total friction torque and the contribution of ball-to-groove and ball-to-ball contact. It is observed that ball-togroove contact friction barely has variation in this case study, while ball-to-ball contact contributes to a maximum of 49.6% additional friction torque at 126 deg nut rotation angle. As the contacted balls gradually disengage, the friction torque contributed by ball-to-ball contact decreases and reaches its minimum value 0 at 306 deg nut rotation angle when there is no ball-to-ball contact. After that, ball-to-ball contact builds up again and gradually stabilizes. Thus, ball-to-ball contact not only gives rise to a significant friction increase but also significant friction variation due to the engagement and disengagement of ball-to-ball contact.
Conclusion and Future Work
The modeling of ball-to-ball contact friction is very important to the rolling element machine components like linear ball bearings and ball screws. In this paper, low-order numerical models for ball-to-ball contact friction in linear ball bearings and ball screws are developed. Furthermore, an analytical model for ball-to-ball contact friction in four-point contact linear ball bearing is derived by making simplifications to its low-order numerical model. Compared with ball-to-ball friction predictions from FEA models developed in ANSYS, the proposed numerical models are shown in case studies to be accurate within 7%, while computing at least three orders of magnitude faster. Using the insights gained from the analytical model, ball-to-ball contact is shown to be mitigated by reducing the velocity difference of balls in four-point contact linear ball bearings. Significant friction increase and variation due to ball-to-ball contact are demonstrated in a case study of ball screw, highlighting the importance of modeling ball-to-ball contact. The proposed ball-to-ball contact models are useful for the analysis and design optimization of linear ball bearings and ball screws. Based on the developed model, simulation-based case studies can be conducted to find out the effect of different geometric errors on ball-to-ball contact-induced friction. Coulomb friction model is used in the developed model, and more detailed formulation with a lubrication effect can be conducted in the future. Effects of the return tube can also be incorporated into the model in future work.
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where σ i,0 is the maximum contact pressure and is determined by normal contact force F i as
Magnitude of Δη i for the Linearized Region of Frictional Force
The magnitude of angular deviation Δη i in Eq. (13) is decomposed as
In order for linear approximation of frictional force to be valid, |c i /a i | < 0.5 has to be satisfied as shown in Fig. 5 . The ratio of the semimajor axis a i to the ball radius R B depends on the normal contact load F i (or maximum contact stress σ i over the contact area) and the conformity ratio of the groove. Figure 22 plots a i /R B as a function of σ i with four typical conformity ratios of ball bearings. The plot is cut off at maximum allowable stress of 1554 MPa for Hertzian contact, which is 4.2 times of typical carbon steel's yield strength (370 MPa) according to Ref. [22] .
The maximum value of a i /R B is 0.218 achieved at the maximum allowable stress with conf. = 0.52. The higher the conformity ratio, the smaller the a i /R B ; a i /R B also decreases with contact stress (or contact load). In the worst-case scenario, |Δη i | < 0.5 × 0.218 = 0.109, which is equivalent of 6.25 deg. Fig. 22 The ratio of the semimajor axis a i to the ball radius R B 071401-16 / Vol. 141, JULY 2019
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Current Frame Rotation Matrices
The rotation operator rot x/z (θ) performs a rotation of angle θ around x/z-axis. Their elements are given as 
